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This article presents the extension of a viscosity model to mixtures. This model, based on 
the free volume concept. has been previously validated for pure dense components. This 
model involves three physical constants for each pure compound. If the viscosity is 
known at a reference pressure and temperature it is sufficient to use two constants per 
pure compound. 

The model has been adapted in order to obtain a predictive expression able to 
represent with accuracy the pressure-temperature variations of the dynamic viscosity of 
a mixture knowing only the characteristic parameters of each pure compound and the 
composition. The database used contains 3440 data points relative to 15 binaries, 4 
ternaries and 1 system with more than three constituents. The model's results are also 
compared with those calculated from the very well-known Grunberg and Nissan's 
mixing law, and Katti and Chaudhri's mixing law. 
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608 A. ALLAL et al. 

1. INTRODUCTION 

The very well known model of dynamic viscosity q proposed by Eyring 
and his collaborators [l] leads to the Arrhenius equation type 
q=Rexp(B/T) and this model describes the behavior of many low- 
weight molecular liquids. However it is not satisfactory for many other 
liquids as various articles have stressed (see for example [2] and [3]). 
Cohen and Turnbull [4] have developed a theory based on free volume. 
This theory assumes that the liquid consists of hard spheres. The 
theory leads to Ln(q/fi) = A' + B'/vJ where vf= v -  vo (average free 
volume) is the difference between the specific molecular volume v and 
the molecular volume of reference vo (hard volume). This theory is 
interesting because it justifies at constant temperature the empirical 
relation of Doolitle [5]: q=Aexp(B/JJ where fv= V ~ V O  is the free 
volume fraction and B is the characteristic of the free volume overlap. 
A substantial number of developments have been based on the above 
ideas. The problem of the representation of the pressure- temperature 
variations of viscosity is largely open and not closed. Recently [q 
we have proposed an approach in order to model the viscosity of 
newtonian fluids (condensed a prior9 with small molecules (not 
polymers for example). This approach connects viscosity to molecular 
structure via a modelisation of the free volume fraction. The viscosity 
is the product of the 
time of the molecule 
viscosity in the form: 

Buid modulus pRT/M by the mean relaxation 
defined by NJ2/(RT)  and one can write [6] 

q = -  pNaCL2 
M 

where p is the density, Na is the Avogadro number, M is the molar 
mass, C the friction coefficient of a molecule, and L an average 
characteristic molecular quadratic length. For a gaussian molecule, 
calculation shows that L2 = 3(?)/5 (r: radius). The friction coefficient C 
is related to the mobility of the molecule and to the diffusion process 
(diffusion of the momentum for viscosity). Moreover we have shown 
[6,7] that the free volume fraction is at the temperature T defined by: 

2RT 3/2 f v =  (7) 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
5
5
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



VISCOSITY MODEL FOR MIXTURES 609 

assuming that the molecule is in a state such that the molecular 
potential energy of interaction with its neighbors is E/N,. We assume 
[q that E= Eo+ PM/p (P: pressure) where the term PM/p= PV is 
connected to the energy necessary to form the vacant vacuums avail- 
able for the diffusion of the molecules and where & is connected to 
the barrier energy which the molecule must cross to diffuse. R is the 
gas constant. This expression of E is an approximation valid for dense 
fluids (p 2 200 kg . m3 [a). The combination of both equations leads to 
write 6 in the form 6 = 60 exp (B/jJ and thus: 

PNaL2C0 exp(B/f,) 
M ?I= 

But it has been demonstrated [6,7] that: 

where bfis the dissipation length of the energy E. Finally we obtain: 

where L = L2/bf is homogeneous with a length. This equation involves 
3 physical parameters t, EO and B which are characteristic of the 
molecule. It will be noted that if qref and prtf are the dynamic viscosity 
and density at the reference pressure Prof and the reference tem- 
perature Tmf then we obtain: 

- ( E o  + (PrefM/&f)y)] 
2RTref 

(2) 

and in this relation the length parameter L disappears. 
The model was tested [6] using a database of 41 compounds of very 

different chemical families: alkanes (linear and ramified, light and 
heavy), alkylbenzenes, cycloalkanes, alcohols, fluoroalkanes (refriger- 
ants), carbon dioxide and water. The numerical analysis showed that 
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610 A. ALLAL et al. 

the model provides good results if the sample density is higher than 
approximately 200 kg.m-3. For the pressures range P < 110 MPa 
there are 3012 points in the database and the average absolute devia- 
tion is 2.8%. By using a reference point there are two parameters to 
adjust by pure substances and the average absolute deviation is 3.3%. 

Taking into account the good estimation of the dynamic viscosity of 
the pure substances using this model it is now advisable to consider its 
extension to mixtures. The object of this article is on the one hand to 
present the procedure to obtain a predictive model for nonassociative 
mixtures (knowing only the parameters characteristic of the pure 
substances) and on the other hand to discuss the numerical results 
obtained on various mixtures. 

2. EXTENSION OF THE MODEL TO MIXTURES 

The generalization of Eq. (1) to mixtures requires definition of the 
associated quantities M,, Bm, Eom, 1, and pm. With regard to the 
molar mass M, to be associated with the mixture it seems reasonable 
to propose M, = CxiMi where xi is the molar fraction of the com- 
ponent (i). For the density p, in the nearly non-associative case, a 
good approximation is to consider that the systems are almost ideal 
and thus pm = M,,,/Vm with V, = CxtVi and V, = Mi/pi. This relation 
neglects a possible effect related to the excess volume effect which is 
generally small (even for rather associative systems). This assumption 
seems reasonable. 

There is then the Eo, term. For a binary mixture (1)+(2) assuming 
that the system consists of “cells” one obtains the well-known relation 
Eo,,, = ~ $ 0 1  + 2xlx2E12 + 4E02 and one uses Berthelot’s relation 
E~~=(EOIEOZ)’/’ .  For a system with more than 2 components one 
uses Eom = C&X,X,E~ with Eu = (Eo,Eo~>’/~. 

The B, term intervenes in the expression of viscosity while being 
associated with the free fraction of volumef’ in the term exp(B/jJ and 
the t, term seems to be a multiplying coefficient in Eq. (1). After 
several attempts to establish the mixture rules to associate with these 2 
quantities we propose: Bm = CxlB, et I/.!, = Ex&. 

We have thus 5 rules to determine the quantities Mm, Bm, Eo,, 1, 
and pm to be associated with the mixtures. These quantities are only 
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VISCOSITY MODEL FOR MIXTURES 611 

calculated from those related to the pure substances and from the 
composition. In this sense, our model is entirely predictive. Moreover 
if one assumes known P,f and TM and the variations q(Prcf, T d ,  xi) of 
the mixture to be known (for example at atmospheric pressure and 
ambient temperature, which is generally easy to know) only M,, B,, 
Eom and p, remain to be determined. 

3. DATABASE AND CHARACTERIZATION 
OF THE RESULTS 

We used a database built up on the basis of various studies carried out 
at the laboratory for pressures ranging between 0.1 and 100 MPa and 
for temperatures ranging between 293.15 and 373.15K. The systems 
studied are varied. First the mixtures [8] Decane +Tetradecane, 
Butylbenzene + Tetradecane, Heptane + Nonylbenzene and Decane + 
Tetradecane + Butylbenzene which are far from associative. Then 
the binaries [9] Toluene +Pristane, Toluene + 1-Methylnaphtalene and 
Toluene +2,2,4,4,6,8,8-Heptamethylnonane. These binaries are con- 
sidered as “contrasted” i.e., for a given P, T set the dynamic viscosities 
of the pure substances are very different. For example at P = 0.1 MPa 
and T=298.15K one has q=O.551 mPa.s for toluene and 6.781 mPa.s 
for pristane. They are however rather nonassociative insofar as with 
given P and T conditions the variations of dynamic viscosity q with the 
composition are monotonous. Then we considered the three binaries 
[lo] Methylcyclohexane + 1-Methylnaphtalene, Heptane + 1-Methyl- 
naphtalene and Heptane + Methylcyclohexane as well as the associated 
ternary [l 11 Heptane + Methylcyclohexane + 1-Methylnaphtalene. 
They are rather nonassociative systems. Let us notice that this ternary 
is roughly representative of the Cs+ fraction of a light oil. To have a 
broader database containing chemically very different compounds we 
also took into account the binary [12] Tridecane+ 1-Methylnaphta- 
lene and the binaries [ 131 Tridecane + 2,2,4,4,6,8,8-Heptamethylno- 
nane and 1 -Methylnaphtalene + 2,2,4,4,6,8,8-Heptamethylnonane. 
To evaluate the performances of the model with mixtures with more 
than 2 components, in addition to the 2 ternaries already indicated, 
we considered [ 131 the ternary Tridecane + Heptylbenzene + 
Heptylcyclohexane (1 composition) and the system with 5 components 
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612 A. ALLAL et al. 

Tridecane + 1 -Methylnaphtalene + 2,2,4,4,6,8,8,Heptamethylnonane + 
Heptylbenzene+Heptylcyclohexane. Let us indicate that these 5 pure 
substances have a boiling point at P= 0.1 MPa close to 510K and that 
this mixture is representative of a distillation cut of heavy oil. Finally 
to see the limits of the method we also considered very associative 
systems: the ternary [ 141 Water + 2-Propanol+ Diacetone alcohol and 
the binaries [ 151 Water + 2-Propanol, Water + Diacetone alcohol (and 
in addition 2-Propanol+ Diacetone alcohol which is not associative). 
The systems containing water are very associative and at given P and 
Tconditions the dynamic viscosity 7 goes through a marked maximum 
when the composition changes. Thus, the whole of this database 
includes 16 pure substances (539 values) which constitute 20 mixtures 
(3440 values). 

In order to evaluate the performances of this model it is necessary to 
introduce quantities characteristic of the results obtained. vmp is the 
experimental value of viscosity and 74 the value calculated using the 
model. For each point we define the following quantities: 

Deviation = lOO(1- ~4 /7 jcxp) (%)  

Absolute deviation = [Deviation[ (%) 

These quantities are expressed as percentages. For all the points 
considered we define the three following characteristic quantities: 

Average Absolute Deviation = AAD = - c Absolute deviation(i) 

Maximum deviation = DMax = MAX(Abso1ute deviation(i)) 

1 i=h$ 

Nb 1x1 

1 k N b  

Average deviation = Bias = - c Deviation(i) 
Nb 1=1 

(Nb is the total of experimental points). 
The average absolute deviation (AAD) characterizes the fact that 

the experimental points are more or less close to the calculated curve. 
The average deviation (Bias) characterizes the quality of the dis- 
tribution of the experimental points on either side of the calculated 
curves. If AAD = Bias then all the experimental points are above the 
calculated curves. If AAD = -Bias then all the experimental points 
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VISCOSITY MODEL FOR MIXTURES 613 

are below the calculated curves. Finally DMax characterizes the 
maximum deviation produced by the model. 

4. RESULTS OF THE NUMERICAL ANALYSIS 

4.1. Case of the Pure Substances 

As it is essential to know the 3 parameters characteristic of each pure 
substance it is advisable to discuss briefly here the results obtained 
with pure compounds. If a reference point is assumed to be known, it 
is enough to determine EO and B with Eq. (2). Table I provides the 
results obtained by taking P&= 0.1 MPa and the smallest value of the 
temperature for T,f (293.15, 298.15 or 303.15K according to cases). 
The very good overall restitution will be noticed since the greatest 
value of the maximum deviation is 14.9% for Pristane which is a 
highly ramified alkane. It will be also noted that for the same 
compound, if one considers 2 different bibliographical references there 
is a small difference in the results, related to experimental uncertainty 
on the determinations of dynamic viscosity 7 and density p. Without a 

TABLE I Results obtained for various pure substances using a reference point @q. (2)) 

Components Reference NB T,&) AAD (%) DMax (%) Bias (q 
1-Methylnaphtalene [12,13] 41 293.15 2.5 11.4 0.4 

2,2,4,4,6,8,8-Hepta- [12,13] 41 293.15 2.5 12.2 0.7 
meth ylnonane 

methy lnonane 

Butylbeozene IS] 17 313.15 3.0 13.1 1.6 
Decane [8] 17 313.15 3.0 6.4 0.9 

1-Methylnaphtalene [10,11] 17 303.15 1.9 6.6 - 0.6 

1-Methylnaphtalene [9] 29 298.15 2.9 6.3 - 1.1 

2,2,4,4,6,8,8-Hepta- [9] 29 298.15 1.6 7.0 - 0.4 

2-Propanol [14,15] 17 303.15 1.6 5.4 - 0.6 

Diacetone Alcohol [14,15] 17 303.15 1.2 3.9 - 0.3 

Heptylbenzene [12.13] 41 293.15 1.7 6.5 - 0.3 
Heptane [10,11] 17 303.15 1.4 4.5 0.0 

Heptylcyclohexane [12,13] 41 293.15 1.6 5.1 -0.5 
Methylcyclohexane [lo. 111 17 303.15 2.9 7.4 - 1.0 

Nonylbenzene [8] 17 313.15 2.6 5.8 -0.1 
Methylcyclohexane [9] 29 298.15 2.1 12.0 - 0.7 

Pristane [9] 28 298.15 4.5 14.9 - 1.6 

Toluene (91 29 298.15 1.1 3.2 - 0.7 
Tetradecane [8] 17 313.15 2.3 5.6 0.5 

Tridecane [12,13] 41 293.15 2.2 8.6 -0.1 
Water (14,151 17 303.15 1.6 5.5 - 1.1 
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614 A. ALLAL et al. 

point of reference, Eo, B and t are determined using Eq. (1). Table I1 
provides the results obtained which are better than in the previous case 
(maximum deviation of 12.5% instead of 14.9%). Figure 1 shows the 

TABLE II Results obtained for various pun substances without using a refemce 

Components Reference NB AAD (%) DMax (YO) Bias (Yo) 

1-Methylnaphtalene [12,13] 42 2.4 11.2 0.4 

point (W. (1)) 

1-Methylnaphtalene [10,11] 18 1.7 5.9 0.1 

1-Methylnaphtalene [9] 30 2.9 7.9 0.0 
2,2,4,4,6,8,8-Heptthyhonane [12,13] 42 1.8 11.2 0.2 
2,2,4,4,6,8,8-Heptamethyhonane [9] 30 1.6 6.9 - 0.3 
2-Propanol [14,15] 18 1.5 5.0 - 0.3 
Butylbenzcne [8] 18 2.7 10.5 - 0.3 
m e  [8] 18 1.4 6.1 - 0.4 
Diacetone Alcohol [14,15] 18 1.1 3.9 - 0.3 

Heptylbenzene [12,13] 42 1.7 6.7 -0.5 
Heptylc yclohexane [12,13] 42 1.5 5.1 - 0.5 
Methylcyclohexane [10,11] 18 2.5 10.5 - 0.6 
Methylcyclohexane [9] 30 2.0 12.5 - 1.3 

Heptam [10,11] 18 1.4 4.5 -0.1 

Non y lbenzene [8] 18 2.0 8.1 - 1.0 
Ristane [9] 29 3.8 12.3 1 .o 

Toluene [9] 30 0.9 2.5 0.0 
Tndecane [12,13] 42 2.3 9.1 -0.1 

Tetradecane [8] 18 1.8 7.2 - 0.8 

Water [14,15] 18 1.3 4.4 - 0.4 

0 10 20 30 40 M MI 70 80 90 1.0 

(4 R.ume rn) 
FIGURE 1 Comparison hetween the experimental and calculated values of dynamic 
viscosity I ] .  (a) Tridxane (b) Heptylcyclohexane. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
7
:
5
5
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1
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FIGURE 1 (Continued). 

comparison between experimental values and calculated values for 
Tridecane and Heptylcyclohexane. 

4.2. Case of the Mixtures 

If a reference point is known the values of Eo and B for the pure 
substances indicated in Table I are used and of course the same Pref 

and Tref conditions. The results are provided in Table 111. For the not 
very associative systems there is a very good fit. On the other hand for 
the very associative systems of the Water+Alcohol type the resulting 
calculations are not satisfactory. Thus the suggested mixing rules 
do not account for the very strong interactions, here due to the 
omnipresence of the hydrogen bond. 

The results obtained when no reference point is used are indicated 
in Table IV. The Water+Alcohol systems are not indicated, the 
deviations being in this case very large. For the not very associative 
systems the good representation shows that this model presents a 
predictive character in a dense state. 

4.3. Comparison with Usual Mixing Laws 

For comparison with Table IV we indicated in Table V the values 
obtained by using the predictive forms of the very well-known 
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Grunberg and Nissan’s (G.N.) [16] and Katti and Chaudhri’s [I71 
(K.C.) mixing laws: 

Ln(%Vm) = CxlLn(gVi) (K.C.) with Vr = W / p i  

where in the case of relation KC the density p of the mixture is 
estimated by supposing that the system is ideal. As the various tables 
show, the results obtained with the extension to the mixtures of our 
model are often better than those provided by the traditional mixing 
laws (which in addition require knowledge of the variations 77(P, T) of 
the pure substances). It is true that the improvement is not always very 
signiscant but the principal interest of our model lies especially in the 
fact that its base has a deeper physical significance, based on the 
molecular microstructure. 

As an illustration Figure 2 represents the experimental curve ob- 
tained at 100MPa and 293.15 K for the binary I-Methylnaphtalene+ 

8 

6 

I 

ae a1 o) ~1 a4 a5 16 a7 a8 a) LO 
X I . m r o q * * *  

FIGURE 2 Binary 1-Methylnaphtalene+Heptamethylnonane at P= 100 Mpa and 
T=293.UK. Variations of dynamic viscosity according to the composition. Com- 
parison between the experimental values and the values calculated by various models. 
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VISCOSITY MODEL FOR MIXTURES 621 

Heptamethylnonane as well as the curves calculated from the K.C. 
and G.N. laws and of our model (with and without reference point). In 
this case we are in the most unfavourable situation for the selected P, 
T set is that for which dynamic viscosities of the pure substances are 
the most poorly represented (11.2% of error at this point for 1- 
Methylnaphtalene and 11.2% of error at this point for Heptamethyl- 
nonane). It will be observed that the result is better for the mixtures 
than for the pure substances. Figure 3 relates to binary Tridecane+ 
Heptamethylnonane according to pressure with X T ~ ~ W ~  = 0.5 
and T= 293.15 K. Figure 4 relates to binary Heptane+ 1-Methyl- 
naphtalene (different determination [lo] of 1-Methylnaphtalene 
compared to that from Figure 2 [13]) at P= 100 MPa and T =  
303.15K where the pure substances are this time represented very 
well by our model (1.7% for 1-Methylnaphtalene and 1.4% for 
Heptane under these P, T conditions). Figure 5 relates to the same 
binary at P = 60 MPa and X H ~ ~ ~  = 0.5 according to the temperature. 
Finally Figure 6 corresponds to the variations of the dynamic viscosity 
of the mixture with 5 components according to the pressure at 

AKdU&CL.dLrl 

0 m t V . b u ~ Z )  

0 a m m  90 im 10 20 30 0 50 

-m) 

FIGURE 3 Binary Tridecane + Heptamethylnonane. Variations of dynamic Viscosity 
according to the pressure at xT~chcpnO=O.5 and T=293.15K. Comparison between the 
experimental values and the values calculated by various models. 
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I 

0' 
F 3  
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ao a1 OJ m a4 &I a( LI 0s a) 1.0 

XlL 

FIGURE 4 Binary Heptane+ 1-Methylnaphtalene. Variations of dynamic viscosity 
according to the composition at P= lOOMPa and T=303.15K. Comparison between 
the experimental values and the values calculated by various models. 

FIGURE 5 Binary Heptane + 1-Methylnaphtalene. Variations of dynamic viscosity 
according to the temperature at X H ~ ~ ~  = 0.5 and P= 60 MPa. Comparison between the 
experimental values and the values calculated by various models. 

T= 293.15K. All these figures are characteristic of the analysis which 
we made of the experimental data of our database using the various 
models suggested previously. 
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VISCOSITY MODEL FOR MIXTURES 623 

FIGURE 6 Mixture with 5 components. Variations of dynamic Viscosity according to 
the pressure at T=293.15K. Comparison between the experimental values and the 
values calculated by various models. 
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